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� 2 9� �8 & 6  � � � �� ' 9 � 3 ! 6 � �' � � �� ' ) � -� X� � - � # .� ' ) � -� A� �� �� ' # � # .�

�� �� � * P (dy|x, a)� � � � � � �< %� - � # .� r(x, a)B

' � !�  % π : X → AB 	2 ! � 6 - ��  � � �� V π 
 � � )� �< . � " �� -� . < π G� > B

� #' -. %� �� � � # � γ < 1� #� � � # ��  .� #� .� H �

V π(x) = E
[

∑

t≥0

γtr(xt, at) |x0 = x, at = π(xt)
]

�, 6 � 7 � � �2 !8 2 ! � 6 - ��  � � �� V ∗ = maxπ V π #' � � � E � � C ) . #� �

V ∗ = T V ∗.< � � 
 6 ! ! �2 � � 7 6 92 � 6 � 9 �
T f(x) = max

a∈A

[

r(x, a) + γ

∫

P (dy|x, a)f(y)
]

.

T #' � -.� �� � - �# .� " � ) ) #� > #� L∞� � %' V ∗" � 0 D� -. " ) % �� � D 0�� �* % �

# �� � � �# .� Vn+1 = T VnB
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� � # �� εn = Vn+1 − T Vn � � � ) ) � .E # " � �# .� � � � . � B /� �< . � " �� -� D . %� �< . �

( � ; � � � � �' � � �' �� ' # �' # �* #' � A � �� 	

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1 − γ)2
lim sup

n→∞

||εn||∞.
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� = . � � . �' � � %� #< . � " � � � . � ||εn||∞ � � * � ��' �. � � � " ) # � # - �* � � � . �

maxi |εk(xi)| G D �' � � .� � � � � � � {xi} H " #� # " #� � � D 0 � � � �* �* > . � # � " �

� � � * * B B B � - �% �* * 0� � � � �* �* > . � # � " )� �< . � " ' � Lp� " ) # � # - �* " #� # " #� � �# .� �

G� E -� ) �< . � � E -� ) �# .� ' B B B * # �� �
 � � � �� �� ��� . � � .� � A � �� 	 H� #� B

Vn+1 = arg min
f∈F

1

N

N
∑

i=1

|f(xi) − T Vn(xi)|
p
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 	 � ��

J � � µ D� � � #' � � # D % �# .� .� XB � � # �� � ||f ||p,µ =
( ∫

µ(dx)|f(x)|p
)1/pB

(' ' % " � P (·|x, a) �' � ��� ' # � 0 � � �B µ G%� #< . � " * 0< . � x ∈ X, a ∈ A H� #� �

� � � � � E #' �' C(µ) < ∞' % - � � ��

P (·|x, a) ≤ C(µ)µ(·)

�  �� �

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1 − γ)2
C(µ)1/p lim sup

n→∞

||εn||p,µ.

� . %� � #� �� � " ' .< � � Lp � ) ) � .E # " � � # .� � � � . �' B

4� 2 � � � � �  2 ! " 62 9� � � # �, 6 � 9 % > #� �' %' G' � � �' � D � �' ) � � � H �

||εn||p,µ ≤
[ 1

K

K
∑

k=1

|εn(xk)|p
]1/p

+ E
(

K,� � (F), . . .
)
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* � � � � 7 � � �� � �< . � �* * x ∈ X� a ∈ A�

P (·|x, a) ≤ C(µ)µ(·)

�  �� �

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1 − γ)2
C(µ)1/p lim sup

n→∞

||εn||p,µ.

� � � � -. � � � � � %' % �* L∞ D . %� �' �  � � p → ∞B

* � � � � 7 � � �� � �< . � �* * ' � $ % �� -� .< ) . * # - #�' π1, π2, . . .�

(1 − γ)2
∑

m≥1

mγm−1Pr
(

xm ∈ dy
∣

∣x0 ∼ ρ, π1, . . . , πm

)

≤ C(ρ, µ)µ(dy).

�  �� �

lim sup
n→∞

||V ∗ − V πn ||p,ρ ≤
2γ

(1 − γ)2
C(ρ, µ)1/p lim sup

n→∞

||εn||p,µ.
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; �' � � " ' � � � �* * %' % �* L∞ �� �* 0' #' #� F / >�� � � �* #� �' �. LpC� . � " B

� ' � !�  %�� � 6 92 � � �� � � %� .' � I � �� 	B /� �< . � " �� -� D . %� �

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1 − γ)2
C(µ)1/pεF .

#� �� � " ' .< � � � � ) � �' �� � � �# .� ) . � � � .< � � � �* % � < %� - � # .� ' {V πn}#� � �

< %� - �# .� ' ) � -�

εF = lim sup
n→∞

inf
f∈F

||V πn − f ||p,µ.

� 
 6 ! ! �2 � 9 6� � ) �2 ! �� � � �� 5 2 � � ��

||V ∗ − V π||∞ ≤
2

1 − γ
C(µ)1/p||T V − V ||p,µ.
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(' ' % " � � � �< . � u, v ≥ 0.� �  �' u ≤ Qv� � # � Q � �� �� ' # �# .� �� �� � * B

��  � � � ||u||∞ ≤ ||v||∞ G' #� -� ||Q||∞ = 1 H� � % � �*' . � #< ρ �� � µ � � � ) � . D � D # * # � 0 � #' �� # D % � # .� ' .� X' B �B ρQ = µ� � ��

||u||p,ρ ≤ ||v||p,µ.

;� �� � � �

||u||pp,ρ =

∫

ρ(dx)|u(x)|p ≤

∫

ρ(dx)
∣

∣

∫

Q(x, dy)v(y)
∣

∣

p

≤

∫

ρ(dx)

∫

Q(x, dy)|v(y)|p

=

∫

µ(y)|v(y)|p = ||v||pp,µ,

%' #� >�� �� ' �� �' #� � $&% �* # � 0 B

,E � " ) * � �< . � ρ = µ' � � � # .� � � 0 � #' � � # D % �# .� < . � Q G#� B ρQ = ρ HB
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J � � V �< %� - �# .� .� XB J � � π D� � � > � � � � 0 ) . * # - 0 � � �B V� �� � V π # �'

)� �< . � " �� -� B � �  �� � � ) . #� � � #' � �

V ∗ − V π ≤
[

(I − γP π∗

)−1 − (I − γP π)−1

]

(T V − V )

�  %' �

� � L∞−� � 9 � � � � # * * # � " ' � � � # � � � A � � � 	 �

||V ∗ − V π||∞ ≤
2

1 − γ
||T V − V ||

� � Lp−� � 9 � �

||V ∗ − V π||∞ ≤
2

(1 − γ)
C(µ)1/p||T V − V ||p,µ,

||V ∗ − V π||p,ρ ≤
2

(1 − γ)

[

C(ρ, µ)
]1/p

||T V − V ||p,µ.
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� � .� �� . * >�� � � �* #� � � # .� � � � . �

� � . " D #� � � # � � �' % * �' #� � ) ) � .E # " � �# .� � � . � 0 �� �' � � �#' � # - �* * � � �� #� >

� � . � 0� � > B �� �� � * " � � . �' #� :� = ?


